In this paper, we deal with soft MTL-algebras based on fuzzy sets. By means of ∈-soft sets and q-soft sets, some characterizations of (Boolean, G-and MV-) filteristic soft MTL-algebras are investigated. Finally, we prove that a soft set is a Boolean filteristic soft MTL-algebra if and only if it is both a G-filteristic soft MTL-algebra and an MV-filteristic soft MTL-algebra.
Introduction
To solve complicated problems in economics, engineering, and environment, we cannot successfully use classical methods because of various uncertainties typical for those problems. There are three theories: theory of probability, theory of fuzzy sets, and the interval mathematics which we can consider as mathematical tools for dealing with uncertainties. But all these theories have their own difficulties. Uncertainties cannot be handled using traditional mathematical tools but may be dealt with using a wide range of existing theories such as probability theory, theory of (intuitionistic) fuzzy sets, theory of vague sets, theory of interval mathematics, and theory of rough sets. However, all of these theories have their own difficulties which have been pointed out in [15] . Maji et al. [14] and Molodtsov [15] suggested that one reason for these difficulties may be due to the inadequacy of the parametrization tool of the theory. To overcome these difficulties, Molodtsov [15] introduced the concept of soft set as a new mathematical tool for dealing with uncertainties that is free from the difficulties that have troubled the usual theoretical approaches. Molodtsov pointed out several directions for the applications of soft sets. At present, research on the soft set theory is progressing rapidly. Maji et al. [13] described the application of soft set theory to a decision making problem. They also studied several operations on the theory of soft sets. The algebraic structure of set theories dealing with uncertainties has been studied by some authors. The most appropriate theory for dealing with uncertainties is the theory of fuzzy sets developed by Zadeh [18, 19] . Jun [6] applied the notion of soft sets by Molodtsov to the theory of BCK/BCI-algebras, and introduced the notions of soft BCK/BCI-algebras, and then investigated their basic properties [7] . Aktas et al. [1] studied the basic concepts of soft set theory, and compared soft sets to fuzzy and rough sets, providing some examples to clarify their differences.
The interest in foundation of Fuzzy Logic has been rapidly recently and several new algebras playing the role of the structures of truth values has been introduced. Hájek introduced the axiom system of basic logic (BL) for fuzzy propositional logic and defined the class of BL-algebras (see [5] ). The logic MTL, Monoidal t-norm based logic was introduced by Esteva and Godo [3] . This logic is very interesting from many points of view. From the logic point of view, it can be regarded as a weak system of Fuzzy Logic. In connection with the logic MTL, Esteva and Godo [3] introduced a new algebra, called a MTL-algebra, and studied several basic properties. In the same times independently were introduced in [4] weak-BL algebras as commutative weak-pseudo-BL algebras. MTL-algebras and weak-BL algebras are the same algebras.
Based on the fuzzy set theory, Kim et al. in [9] studied the fuzzy structure of filters in MTL-algebras. As a continuation of the paper [9] , Jun et al. [8] gave characterizations of fuzzy filters in MTL-algebras and investigated further properties of fuzzy filters in MTL-algebras. The other important results can be found in [17, 20] .
The idea of quasi-coincidence of a fuzzy point with a fuzzy set, which was mentioned in [16] , played a vital role to generate some different types of fuzzy subsets. It is worth pointing out that Bhakat and Das [2] initiated the concepts of (α, β)-fuzzy subgroups by using the "belongs to" relation (∈ ) and "quasicoincident with" relation (q) between a fuzzy point and a fuzzy subgroup, and introduced the concept of an (∈, ∈ ∨ q)-fuzzy subgroup. In fact, the (∈, ∈ ∨ q)-fuzzy subgroup is an important generalization of Rosenfeld's fuzzy subgroup. It is now natural to investigate similar type of generalizations of the existing fuzzy subsystems of other algebraic structures. With this objective in view, Ma et al. [10, 11, 12] discussed some kind of generalized fuzzy filters of MTL-algebras.
In this paper, we deal with soft MTL-algebras based on fuzzy sets. In Section 2, we recall some basic defnitions of MTL-algebras. In Section 3, we discuss the characterizations of filteristic soft MTL-algebras. In Section 4, we divide into three parts. In Subsection 4.1, we investigate some characterizations of Boolean filteristic soft MTL-algebras. Some properties of MV-and G-filteristic soft MTL-algebras are invetigated in Subsection 4.2 and 4.3, respectively. Finally, we prove that a soft set is a Boolean filteristic soft MTL-algebra if nd only if it is both a G-filteristic soft MTL-algebra and an MV-filteristic soft MTL-algebra.
Preliminaries
By a commutative, integral and bounded residuated lattice we shall mean a lattice L = (L, ≤, ∧, ∨, ⊙, →, 0, 1) containing the least element 0 and the largest element 1 = 0, and endowed with two binary operation ⊙ (called product) and
the Galois correspondence holds, that is,
In a commutative, integral and bounded residuated lattice, the following are true (see [17] ):
(
Based on the Hájek's results [5] , Axioms of MTL and Formulas which are provable in MTL, Esteva and Godo [3] defined the algebras, so called MTLalgebras corresponding to the MTL-logic in the following way:
A MTL-algebra is a commutative, integral and bounded residuated lattice L = (L, ≤, ∧, ∨, ⊙, →, 1) satisfying the pre-linearity equation:
In a MTL-algebra, the following are true:
Throughout this paper, L is a MTL-algebra unless otherwise specified. We cite below some notations, definitions and basic results which will be needed in the sequel.
A non-empty subset A of L is called a filter of L if it is closed undet the operation ⊙ and for every x ∈ A, x ≤ y implies y ∈ A. It is easy to check that a non-empty subset A of L is a filter of L if and only if 1 ∈ A and for all x ∈ A from x → y ∈ A it follows y ∈ A.
A filter A of L is called:
We now review some fuzzy logic concepts. A fuzzy set of L is a function µ :
Now, we recall some the following concepts and results in [8, 9, 21] .
Theorem 2.4. Let µ be a fuzzy filter of L, then the following are equivalent:
3 Filteristic soft MTL-algebras Molodtsov [15] defined the soft set in the following way: Let U be an initial universe set and E be a set of parameters. Let P(U ) denotes the power set of U and A ⊂ E.
A pair (F, A) is called a soft set over U, where F is a mapping given by F : A → P(U ).
In other words, a soft set over U is a parameterized family of subsets of the universe U . For ε ∈ A, F (ε) may be considered as the set of ε-approximate elements of the soft set (F, A).
is a filter of L for all x ∈ A, for our convenience, the empty set ∅ is regarded as a filter of L.
Example 3.2. Let L = [0, 1] and define a product ⊙ and a residuum → on L as follows:
Let (F, A) be a soft set over L, where A = (0, 1] and F : A → P(L) be a set-valued function defined by
Thus, F (x) is a filter of L for all x ∈ A, and so (F, A) is a filteristic soft MTL-algebra over L.
For a fuzzy set µ in any MTL-algebra L and A ⊆ [0, 1] we can consider two set-valued functions
Then (F, A) and (F q , A) are called an ∈-soft set and q-soft set over L, respectively. Proof. Let µ be a fuzzy filter of L and t ∈ A. If x ∈ F (t), then x t ∈ µ, and so 1 t ∈ µ, i.e., 1 ∈ F (t). Let x, y ∈ L be such that x, x → y ∈ F (t). Then x t ∈ µ and (x → y) t ∈ µ, and so y min{t,t} = y t ∈ µ. Hence y ∈ F (t). This proves that (F, A) is a filteristic soft MTL-algebra over L.
Conversely, assume that (F, A) is a filteristic soft MTL-algebra over L. If there exists a ∈ L such that µ(1) < µ(a), then we can choose t ∈ A such that µ(1) < t ≤ µ(a). Thus, 1 t ∈µ, i.e., 1∈F (t). This is a contradiction.
and a ∈ F (s), but b∈F (s), contradiction, and so, µ(y) ≥ min{µ(x → y), µ(x)}, for all x, y ∈ L. Therefore, µ is a fuzzy filter of L. 
Proof. Let µ be a fuzzy filter of L and let F q (t) = ∅ for any t ∈ A. If 1∈F q (t), then 1 t qµ, and so µ(1) + t < 1. Then µ(x) + t ≤ µ(1) + t < 1 for all x ∈ L, and so F q (t) = ∅, contradiction. Hence 1 ∈ F q (t). Let x, y ∈ L be such that x → y ∈ F q (t) and x ∈ F q (t). Then (x → y) t qµ and x t qµ, or equivalently, µ(x → y) + t > 1 and µ(x) + t > 1. Thus,
and so y t qµ, i.e., y ∈ F q (t). Hence F q (t) is a filter of L.
Conversely, assume that the condition (ii) holds. If µ(1) < µ(a) for some a ∈ L, then µ(1)+t ≤ 1 < µ(a)+t for some t ∈ A. Thus, a t qµ, and so F q (t) = ∅. Hence 1 ∈ F q (t), and so 1 t qµ, i.e.,µ(1)+t > 1, contradiction. Hence 
Proof. Let µ be an (∈, ∈ ∨ q)-fuzzy filter of L. For any t ∈ A, we have µ(1) ≥ min{µ(x), 0.5} for all x ∈ F (t) by Definition 3.5. Hence µ(1) ≥ min{µ(x), 0.5} ≥ min{t, 0.5} = t, which implies, 1 t ∈ µ, and so 1 ∈ F (t). If x → y ∈ F (t) and x ∈ F (t), then (x → y) t ∈ µ and x t ∈ µ, that is, µ(x → y) ≥ t and µ(x) ≥ t. Now, by (F 6), we have
which implies, y t ∈ µ, and so y ∈ F (t). Thus, (F, A) is a filteristic soft MTLalgebra over L. Now assume that the condition (ii) holds. If there exists a ∈ L such that µ(1) < min{µ(a), 0.5}, then µ(1) < t ≤ min{µ(a), 0.5} for some t ∈ A. It follows that 1 t ∈µ, i.e., 1∈F (t), contradiction. Hence
, µ(a), 0.5}), we have t ∈ A and µ(b) < t < min{µ(a → b), µ(a), 0.5}, which implies, a → b ∈ F (t), a ∈ F (t), but b∈F (t), contradiction. It follows from Definition 3.5 that µ is an (∈, ∈ ∨ q)-fuzzy filter of L. 
Proof. Let µ be an (∈, ∈∨q)-fuzzy filter of L. For any t ∈ A, by Definition 3.7, we have µ(x) ≤ max{µ(1), 0.5} for all x ∈ F (t). Thus, t ≤ µ(x) ≤ max{µ(1), 0.5} = µ(1), which implies 1 t ∈ µ, i.e., 1 ∈ F (t). Let x, y ∈ L be such that x → y ∈ F (t) and x ∈ F (t), then (x → y) t ∈ µ and x t ∈ µ, i.e., µ(x → y) ≥ t and µ(x) ≥ t. It follows from Definition 3.7 that t ≤ min{µ(x → y), µ(x)} ≤ max{µ(y), 0.5} = µ(y), which implies, y t ∈ µ, i.e., y ∈ F (t). Hence F (t) is a filter of L for all t ∈ A, and so (F, A) is a filteristic soft MTL-algebra over L. Now, assume that (F, A) is a filteristic soft MTL-algebra over L. If there exists a ∈ L such that µ(a) ≥ max{µ(1), 0.5}, then µ(a) ≥ t > max{µ(1), 0.5} for some t ∈ A, and so µ(1) < t. Thus, 1∈F (a). Contradiction.
. This is a contradiction since b∈F (t). It follows from Definition 3.7 that µ is an (∈, ∈ ∨ q)-fuzzy filter of L.
Next, we give the following two important results by q-soft sets. Proof. Let (F q , A) be a filteristic soft MTL-algebra over L, then F q (t) is a filter of L for all t ∈ A. If max{µ(1), 0.5} < µ(a) for some a ∈ L, then max{µ(1), 0.5} + t ≤ 1 < µ(a) + t for some t ∈ A. Thus, 1 t qµ, which is impossible. Hence max{µ(1), 0.5} ≥ µ(x) for all x ∈ L.
If there exist a, b ∈ L such that max{µ(b), 0.5} < min{µ(a → b), µ(a)}. Then max{µ(b), 0.5} + s ≤ 1 < min{µ(a → b), µ(a)} + s for some s ∈ A. Hence (a → b) s qµ and a s qµ, i.e., a → b ∈ F q (s) and a ∈ F q (s). Since F q (s) is a filter of L, we have b ∈ F q (s), and so b s qµ, that is, µ(b) + s > 1, contradiction. Hence max{µ(y), 0.5} ≥ min{µ(x → y), µ(x)}, for all x, y ∈ L. Therefore µ is an (∈, ∈ ∨ q)-fuzzy filter of L.
Conversely, let µ be an (∈, ∈ ∨ q)-fuzzy filter of L. For any t ∈ A. By Definition 3.7, we have µ(x) ≤ max{µ(1), 0.5} for all x ∈ F q (t), and so max{µ(1)
and so y t qµ, i.e., y ∈ F q (t). Hence F q (t) is a filter of L, and so (F q , A) is a filteristic soft MTL-algebra over L. Proof. Let (F q , A) be a filteristic soft MTL-algebra over L. Then F q (t) is a filter of L for all t ∈ A. If µ(1) < min{µ(a), 0.5} for some a ∈ L, then µ(1) + t ≤ 1 < min{µ(a), 0.5} + t for some t ∈ A. Thus, 1 t qµ, contradiction. Hence
Hence (a → b) s qµ and a s qµ, i.e., a → b ∈ F q (s) and a ∈ F q (s). Since F q (s) is a filter of L, we have b ∈ F q (s), and so b s qµ, that is, µ(b) + s > 1, contradiction. Hence µ(y) ≥ min{µ(x → y), µ(x), 0.5}, for all x, y ∈ L. Therefore µ is an (∈, ∈ ∨ q)-fuzzy filter of L.
Conversely, let µ be an (∈, ∈ ∨ q)-fuzzy filter of L. By Definition 3.5, we have µ(1) ≥ min{µ(x), 0.5} for all x ∈ F q (t), and so µ(1) + t ≥ min{µ(x), 0.5} + t = min{µ(x) + t, 0.5 + t} > 1. Hence µ(1) + t > 1, that is, 1 ∈ F q (t). Now, let x, y ∈ L be such that x → y ∈ F q (t) and x ∈ F q (t). Then (x → y) t qµ and x t qµ, or equivalently, µ(x → y) + t > 1 and µ(x) + t > 1. Thus
and so y t qµ, i.e., y ∈ F q (t). Hence F q (t) is a filter of L, and consequently, (F q , A) is a filteristic soft MTL-algebra over L. Proof. Let (F, A) be a filteristic soft MTL-algebra as in Theorem. If there exists a ∈ L such that max{µ(1), α} < min{µ(a), β}, then max{µ(1), α} < t ≤ min{µ(a), β} for some t ∈ (α, β]. Thus 1∈F (t) which is a contradiction. If there exist a, b ∈ L such that max{µ(b), α} < t ≤ min{µ(a → b), µ(a), β}. Hence (a → b) t ∈ µ, a t ∈ µ. But b t ∈µ, therefore a → b ∈ F (t), a ∈ F (t). This also is a contradiction since b∈F (t). Consequently, µ is a fuzzy filter with thresholds
On the other hand, if µ is a fuzzy filter with thresholds (α, β], then, by (F 9), we have max{µ(1), α} ≥ min{µ(x), β} for all x ∈ F (t). Thus, max{µ(1), α} ≥ min{µ(x), β} ≥ min{t, β} = t > α, which implies, µ(1) ≥ t, i.e., 1 t ∈ µ. Hence 1 ∈ F (t). Let x, y ∈ L be such that x → y ∈ F (t) and x ∈ F (t). Thus, (x → y) t ∈ µ and x t ∈ µ, i.e., µ(x → y) ≥ t and µ(x) ≥ t. By (F 10), we have max{µ(y), α} ≥ min{µ(x → y), µ(x), β} ≥ min{t, β} = t > α, and so µ(y) ≥ t, i.e., y t ∈ µ, and so y ∈ F (t). Therefore, (F, A) is a filteristic soft MTL-algebra over L.
Boolean (MV-, G-) filteristic soft MTL-algebras
In this section divided in three parts we describe some types of generalized fuzzy filters of MTL-algebras introduced in [11] . In the first part we characterize Boolean filteristic soft MTL-algebras; in the second -G-filtersistic soft MTL-algebras; in third -MV-filtersistic soft MTL-algebras which are natural generalizations of Boolean filters, G-filters and MV-filters, respectively. Finally, we describe relationship between these soft MTL-algebras.
Boolean filteristic soft MTL-algebras
We start with the following definition. 
Thus, F (x) is a Boolean filter of L for all x ∈ A, and so (F, A) is a Boolean filteristic soft MTL-algebra over L.
The following proposition is obvious. 
Thus a → c∈F (s), which is a contradiction. Therefore, µ is a fuzzy Boolean filter of L.
Conversely, if µ is a fuzzy Boolean filter of L, then it is also a fuzzy filter of L and, by Theorem 3.3, (F, A) is a filteristic soft MTL-algebra over L. Let x, y, z ∈ L be such that x → (z ′ → y), y → z ∈ F (t). Then (x → (z ′ → y)) t ∈ µ and (y → z) t ∈ µ. Hence, by Theorem 2.4, we obtain µ(x → z) ≥ min{µ(x → (z ′ → y)), µ(y → z)} ≥ t, and so x → z ∈ F (t). This proves (Theorem 2.4) that (F, A) is a Boolean filteristic soft MTL-algebra over L. Proof. Let µ be a fuzzy Boolean filter of L. Then, by Theorem 3.4, F q (t) is a filter of L. Let x, y, z ∈ L be such that x → (z ′ → y) ∈ F q (t) and y → z ∈ F q (t). Then (x → (z ′ → y)) t qµ and (y → z) t qµ, or equivalently, µ(x → (z ′ → y)) + t > 1 and µ(y → z) + t > 1. Since µ is a fuzzy Boolean of L, we have
and so (x → z) t q, i.e., x → z ∈ F q (t). This proves (Theorem 2.4) that F q (t) is a Boolean filter of L. Conversely, assume that each non-empty F q (t) is a Boolean filter of L. Then µ is a fuzzy filter of L by Theorem 3.
holds for all x ∈ L. 
we have t ∈ A and
. This is a contradiction since a → c∈F (t). So, µ is an (∈, ∈ ∨ q)-fuzzy Boolean filter of L.
Conversely, if µ is an (∈, ∈ ∨ q)-fuzzy Boolean filter of L, then, by Theorem 3.6, (F, A) is a filteristic soft MTL-algebra. Moreover, if x, y, z ∈ L be such that x → (z ′ → y) ∈ F (t) and y → z ∈ F (t) for some t ∈ A, then µ(x → (z ′ → y)) ≥ t and µ(y → z) ≥ t. Thus,
which implies (x → z) t ∈ µ, and so x → z ∈ F (t). Hence, (F, A) is a Boolean filteristic soft MTL-algebra over L.
for all x ∈ L. 
Proof. Let µ be an (∈, ∈∨q)-fuzzy Boolean filter of L, then µ is also an (∈, ∈∨q)-fuzzy filter of L and, by Theorem 3.8, (F, A) is a filteristic soft MTL-algebra. Let x, y, z ∈ L be such that x → (z ′ → y) ∈ F (t) and y → z ∈ F (t) for some
which implies (x → z) t ∈ µ, i.e., x → z ∈ F (t). Hence F (t) is a Boolean filter of L, and so (F, A) is a Boolean filteristic soft MTL-algebra over L. Conversely, assume that (F, A) is a Boolean filteristic soft MTL-algebra over
, which is a contradiction. Therefore, µ is an (∈, ∈ ∨ q)-fuzzy Boolean filter of L. Now, we give the following two important characterizations of Boolean filterstic q-soft sets. The proof is similar to the proof of Theorem 3.10.
As a consequence of Theorems 3.6, 4.1.5 and 4.1.7 we obtain 
MV-filteristic soft MTL-algebras
In this subsection, we characterize MV-filteristic soft MTL-algebras by fuzzy MV-filters. 
Thus, F (x) is an MV-filter of L for all x ∈ A, and so (F, A) is an MV-filteristic soft MTL-algebra over L.
From the above definitions, we can get the following: 
The proof is similar to the proof of Theorem 4.1.5.
is satisfied for all x, y ∈ L. 
The proof is similar to the proof of Theorem 4.1.7.
The proof is similar to the proof of Theorem 4.1.9. The proof is similar to the proof of Theorem 3.9. The proof is similar to the proof of Theorem 3.10.
As a consequence of Theorems 3. 
G-filteristic soft MTL-algebras
Now, we describe filteristic soft MTL-algebras connected with G-filters.
The empty set is regarded as a G-filter of L.
Since G-filter is a filter every G-filteristic MTL-algebra is a filteristic MTLalgebra, but the converse is not be true in general. 
Thus, F (x) is a G-filter of L for all x ∈ A, and so (F, A) is a G-filteristic soft MTL-algebra over L.
In a similar way as Theorem 4.1.4 we can prove Proof. The proof is analogous to the proof of Theorem 4.1.9.
Also the proofs of the following two theorems are very similar to the proofs of Theorems 3.9 and 3.10, respectively. F, A) is a G-filteristic soft MTL-algebra over L.
Finally, we give the relationship between the filteristic soft MTL-algebras described above. 
Conclusion
In this paper, we apply fuzzy and soft set theory to MTL-algebras. We hope that the research along this direction can be continued, and in fact, some results in this paper have already constituted a platform for further discussion concerning the future development of soft MTL-algebras and other algebraic structure.
In our future study of MTL-algebras, may be the following topics should be considered:
(1) To describe the soft MTL-algebras based on rough sets; (2) To discuss the relations between soft MTL-algebras based on fuzzy sets and rough sets; (3) To consider the soft implication-based fuzzy filters in MTL-algebras.
